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A number of papers are devoted to the investigation of the state of stress in a half-plane
or in a plate with elastic reinforcement,

The first paper in this area belongs to Melan [1], He gave the exact solution of the
problem for a half-plane (or a whole plane) reinforced by an infinitely long bar to which
a concentrated force is applied along its axis, Subsequently Buell [2], Koiter [3] and
Brown [4] examined the problem of determination of contact stresses acting between a
plate and a semi-infinite bar for different loads applied to the end of this bar,

Reissner was the first to examine the problem of determination of contact stresses in
a half-plane with elastic reinforcement of finite length, and he reduced the solution of
problem to an integro-differential equation analogous to the Prandtl equation in the the-
ory of a wing with finite span, However, he did not present a solution of this problem,
Pflueger obtained the solution of this problem for the case when the upper surface of the
elastic cover plate which is joined to the semi-infinite plate is described by an elliptic
arc,

Later Benscoter [6] studied the field of stresses in a plate with an elastic reinforcement
of finite length for the case where two concentrated forces of equal or opposite direction
are applied to its ends, He solved the initial integro-differential equation of the problem
by the numerical method of Multhopp.

The work of Kalandiia [7] is devoted to the proof of convergence of the method of
Multhopp in its application to an equation of the Prandtl type in the theory of a wing
with finite span,

Bufler [8] studied in detail the state of stress in a half-plane (or a whole plane), over
a finite section of the free surface (or, correspondingly the inside) of which an elastic
cover plate of uniform thickness was attached, under various forms of loading and tem-
perature of influence, For solving of the initial integro-differential equation, which
served for the determination of contact stresses between the elastic cover plate and the
half-plane, he applied the method used by Carafoli [9 and 10] in the theory of a wing
with finite span,

It should be noted here that in all cases mentioned above where the elastic cover plate
has a finite length, the obtained solutions are approximate and in addition, these solu-
tions do not always present the possibility to elucidate clearly those peculiarities which
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Contact problem for a half-plane with elastic reinforcement 653

characterize the state of stress of the elastic reinforcement in the vicinity of its ends,
In this paper the contact problem is examined for a half-plane with elastic reinforce-
ment of finite length and uniform thickness, The solution of this problem is reduced to
an integro-differential equation of the Prandtl type which allows to determine contact
stresses along the line of attachement of the elastic cover plate to the half-plane, The
exact solution of this equation is presented showing clearly those peculiarities which
characterize the state of stress in the vicinity of the ends of the elastic cover plate,

1, Formulation of the problem, The bastc equation and its
solution, On a finite section [— a, a] of its free surface let the half-plane be
reinforced by an elastic reincorcement in the form of a welded (or giued) cover plate of
constant thickness A (Fig.1). Let us determine the magnitude and the law of distribution
of contact stresses along the line of attach-

2 ] //////////‘/5’/////// vy ment of the elastic cover plate to the half-
' > plane for the case when a concentrated force
— 8 ——t=— 0 —= P directed along the axis of the cover plate
& is applied to one of the ends of the cover
g plate, Let us assume that the bending stiff~
Fig, 1 ness of the cover plate is negligibly small

and therefore we can neglect the pressure of
the cover plate on the half-plane, i, e, to assume that ¢, = 0.

In other words we shall assume that the cover plate is in a uniaxial state of stress, We
shall designate stresses, displacements and deformations in the cover plate by the super-
script (1) and in the half-plane by the superscript (2), The physical constants of mate-
rials of the cover plate and the half-plane will also be designated in an analogous man-
ner,

From the equilibrium equation for the element of the cover plate we have
4

6.V (z) = o S T (s) ds (1.1)
—a
Here g,(V is the normal stress acting in an arbitrary cross section of the cover plate
and 7V (z) is the tangential stress acting on the cover plate along the line of its attach-
ment with the half-plane,

Further, taking into account that ¢, = 0, we have in accordance with Hooke's law
x

)
gV = du® _ 71171- S T (s) ds (1.2)

dx

—a
Here E, is the modulus of elasticity of the cover plate material, A is its thickness
and u® is the displacement along the Z-axis of points of the plane of junction of the
cover plate with the elastic half-plane,
On the other hand it is known [11] that the strain g (» of the elastic half-plane is
expressed through the following formula when tangential forces T(® (z)are acting on a
finite section [— @, +al of the free surface

@ du® 2 ds
A nk, S @ (s) s—z (1.3)
—a

Here u(® is the displacement of points of the free surface of the elastic half-plane
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along the z-axis, T (S) is the tangential stress acting on the elastic half-plane along
the line of its contact with the cover plate; E, is the modulus of elasticity of the mate-
rial of the half-plane ; v is Poisson's ratio,

The condition of complete contact of the elastic cover plate with the half-plane in
this case can be presented in one of two forms:

(A) ut) =u®, (B)

dul®  dy®
dz _ dz (1:4)
for ¥y = 0'and — a < £ < a, i.e, on the line of contact of the elastic cover plate with
the half-plane,

We note that the conditions (A) and (B) differ from one another only by a constant of
integration which expresses rigid displacement of the half-plane in the direction of the
+T+-axis and does not have an effect on the state of stress condition of the half-plane,

Utilizing relationships (1,2) and (1, 3) and condition (B) we obtain

+a

M@+ § 9@ 25 =0 (1.5)

s—x

—a
Here x

¢ () =1(z), @)= g t(s)ds, () =10 (2) = — 1 (2)
—a

Here T () is the contact stress acting between the elastic cover plate and the half-

plane, and C_ nEy ‘
* 2(1—v) Eh (1.6)

In this manner the solution of the contact problem for the half-plane with the elastic
reinforcement of finite length is reduced to the solution of the integro-differential equa-
tion (1, 5) for boundary conditions

9(—a)=0, ¢(@@)=-—P (1.7

Let us proceed to the solution of the integro-differential equation (1, 5), First of all
we transform the equation to the form

“+a
1 , ds A nE
* —_ * L =
Ao () =+ S ¢ (8) ;= (7~ =—_ i k= 2(1_v2)Elh) (1.8)
—a

Here the integral in the right side should be understood in the sense of the Cauchy
principal value,

Using the transformation formula [12] we shall have

+a
, A* 1 a® — 52 @ (s)ds C
P (x):t(x):]/aaT__zz_nT S 14 s__;p() +]Ta2~—-——a;; (1.9)

—a
In this equation that branch of radical Va’ — 2% is taken which acquires positive
values on the upper side of section (—«, -|-a) and (', is some constant which is subject
to determination,
The solution of the integro-differential equation (1, 9) will be sought (assuming that
this is possible) in the form of a series

k=00 2 \k
9@ =a+ 3 L) (1.10)
k=1
After substitution of (1,10) into (1. 9) we obtain
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+a —_— k=00
C At ap Vat —stds A"
T(z)‘:-‘/az_l_,z_{_y'a:_zz?_sa $—z +Va:_,sk§ a"'""(z) (1'“)
where the integral +a -
| 8 \¥ Y a? —+s2

-G

should be taken in the sense of the Cauchy principal value,

Applying the formula of Sakhotskii and Plemel [12] we write the integral Ji (z) in
the form ] 1 4o .y
——VYo—g(=YF L ((LyYa—s

Je(t)=—VF—2 (a) +4 S(a) L ) (113)
—a

Here z = x - ie where € — 0, always remaining positive,

Let us further examine the integral taken over a contour T (Fig.2):

1 \ k _—-V— Al al +
[k(z)=';[l—§‘(‘£") ]_/_a_’___”_ds (l =1a+IRt Pa=7a“)+'ra(2)) (1'14)

a §—2
Let us designate the integral taken over contour I’y by Py (2),i.e.
1 s \k Var—g

a
Then according to Cauchy’s formula we shall have

k Va2 —s2 S k

PMZ)-{—-%.—S (-a—) Ks“TzLds=21/a=—z2(—Z-) (1.16)
Tr

Now let us compute the integral over the contour I'r (| s | >> a), entering into rela-

tionship (1. 16).

First of all let us note that the radical in the
numerator of the function under the integral
acquires on both sides of the section (—a, -+a)
values which differ only in sign in the geometri-
cally corresponding points ; in addition it should
be kept in mind that for s > @ the radical,

Va—s= —iVs—a?, where V's* —a® >

y

> 0 for s > a.
Now let us use the expansion
1— @\ S gy, (8 )
( 82) = 3 (—1)Cy, (s) (1.17)
v=0
Fig. 2 Here Cy,™ is the coefficient of expansion for
la/s| <A1

Then we can give to the integral over I'g which enters into relationship (1. 16) the
form

=3 (T)k LCESLY N { ST (—tye, () (2" % aas

Tr Tp v=0
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Let us examine the sum which is under the integral sign in the right side of (1. 18) and
let us designate it through V
V= k+1-39
v 8
V= 3 (—1)Cy® (7) (1.19)

v=0

It is apparent that positive powers (s / @) in the sum (1,19) will occur for
k4+1—2v>0, v<v,, Vo=EI Kk + 1]

Here Ii [ ¥y (k - 1)] is an integral part of ¥/, (k - 1). In this manner we shall have

v=v, —gv V=00 v
Ve S =0 (L)Y e (—{—)“H (1:20)
y=h y==y,+1

In the first sum of this relationship we repalce the index vby b = &k 4 1 — 2v;
then we will have

p=k+1 forv=o, Be=k+1—2E[Ys(k+1)] for v=v, (1.21)

It is apparent that if k& is even, then p, = 1, and if k is uneven, Py = 0. Further,
keeping-in mind that v = 1/, (k 4 1 — p), the first term of the relationship (1,20)
can be presented in the form

Ve k+1-2v K+ . , >
(— 1)"0/’(") s — * (—1) /s (k+1—l’-)C’(/’la [k+1~p)) [ S (1.22)
"go ( ¢ ) p-=§03:1 ( ¢ )

where the asterisk above the symbol of summation indicates that the index of summation
takes either even or uneven values, Let us now examine the second term in relationship

(1,20) oo k+1-2v e 2v= (k+1)
v (v) s ( a
2 =0y, (T) = 3 =e” (—)
v=v,+1 v=E [Ys (k+1)H1

Here we also intrtoduce a new index of summation p = 2v — (k 4- 1); then we

will have
B =00 fort v=o00

pe =2E[Ya(k+1)]—(k—1) for v=v, +1=E[s(k+ DI +1

It is apparent that if k is even, then p, = 1, and if £ is uneven then p, = 2, We note
that v =1/, (u 4.k - 1); then the second term of relationship (1,20) can be presen-
ted in the form

S e, ® (S o Yy (ke148) (Y [ke1+]) [ @ \P
=0 ()T = S ¢y (+)" .24

v=v, 41 b=2;1

(1.23)

Now the numerator of the function under the integral in (1.18), i, e. expression (1,20)
can be represented in the form
o Yo (k41-p) (e The1-pD) [ 8\
V = Z (-—-—1) * Cl/,l (—) +

a
p=0; 1

+ Sy (o ) (1.25)

=31

Substituting Expression (1, 25) into the right side of integral (1, 18) we obtain
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1 s \¥ Va’ — a ds H_l# /s (k+1-j)
?S(T)—;Tz—‘“:-‘TS 3_2{2 (=" X
Tp Tp p=0; 1.
1 - 1 1 [
5 Clalket u])( ) Z (— 1) e o0 Dkl (%) } (1.26)
p=2;1
On the basis of the residue theorem we have

I‘§z : f z (%)" =2 (—'zl-)“ >0 (1.27)
fS = (5F)=0 wsy (1.28)
R

Substituting values of these integrals into relationship (1,26) we find

1 s\ Vat s k1
— Sy re—s — —9; Ve (K+1-1r) <'/. [k+1-
T S(a) s—z ds = — 2ia E (—1) Gy FD( ) (1.29)
Tr n=0;1

Then, using relationship (1, 16) and (1,29) we obtain for Py (z) the following expres-
sions: X k41 "

~—: (¢ . * 1 (K41=1) (s [K41— z
P.o)=2V@—2 (T) +2ia ¥ (—1)AOARCG e (T) (1.30)
p=0;1

But on the other hand according to (1,15) we have

) = ?:i—vg(n( a > v=r ot —ysz)(%)kﬂds (1.31)

§— 2 §—2

Here the first integral is taken along the upper side of section Ya™ and the second
integral along the lower side of the secuon Yo® (Fig.2)(it is apparent that integrals
with respect to small regions C, and C, "tend to zero for p —> 0), consequently

+a - k
s 2 — 52 s a? —s?
P(a) = o (T) L S (T) Vi (.32)
—a +a

Here that branch radical 1/(12 — §%, is selected which remains positive on the upper
side of the section (— a, a) and by the same token takes on negative values on the
lower side,

In this manner we have according to (1. 32)

P, (z) = -:fT:LS: (%)k_‘/—f_f—__:z_—' ds (1.33)

Now using relationship (1, 33) we can present Expression (1. 13) for Jx (Z) in the form
—_— x q
J,‘(z)=_1/a2_xz({—) + 2Py (2) (1.34)

Here Py () is understood to mean the limiting value on the upper side of the section
(— a,+ a)of the function P} (z) determined by the relationship (1, 30) or (1, 33),

Substituting the value Py () determined by the relationship (1, 30) into (1. 34) and
cancelling } a? — a? (z/a)¥, we obtain the following Formula;
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+a g k1

4 s \¥ 'Va‘--y 5 . * Yalketm) (ke [ 2 \P :

Jk (x) =3Ti. S (T) -T::;-ds == Ia 2 ("—i) )ng;l -, (T) (1.35)
—a p=0; 1

Now let us turn to Expression (1, 11) for the contact stress« (z). First of all we note that
the integral entering into this equation for Qg is

"/ — .
Jo(z)-——- S T =iz (1.36)

£—2
—a

It is obtained directly from Eq, (1,35) for k = 0, p = 1 and C,,® = 1,
Substituting values of integrals Jy (%) and J, (z)determined from relationships(1.35)
and (1, 36) into Eq,(1, 11) for the contact stress T (), we obtain

2o - R==00 R+1
ia (k1 -
x(z) = T 2 z (—1)"sks18) o, Chiker 9})( ) + Ot ihtaor aot (1.37)
k=l Puao 1 V
We introduce the notation
Ao Ey
* ..M — %
M =— Mo 2(1—v) Eh
Then Formula (1. 37) for contact stress can be written in the form (1.38)
K==00 K+ :
¥ (2) = 2 ay 2 ( 1)'t.(k+1-u) Cy (';,[m-p»])( ) Cy ~ hoox
V“ k=1  pe=o; 1 T Vo—z
Admitting that a transposition is possible in the double sum in Eq, (1, 38), after some
transformations we bring :13 latter to ;he form (1.39)
hoa ( x )"‘ N Yalkt1~1) v (aiket=pD) | Ci— AT
THT) = >t oo R a; {(—1) Cyt ———e
( ) y-a,__x’i’% a k§(p) k( ) N + Vﬂ'-—z’
Here ! for p=0
Np)={ 2 for p=1 (1.40)

p—1 for p>2
and the asterisk to the right of the summation sign indicates that the index of the inter-
nal sum assumes either even or odd values,

Let us write had - .
Bp. — E* a; (_1) a(k+1=js) C'/a( [ R+1=1]) (1.41)

k==N{p}

Then Eq. (1, 39) for the contact swess T (z) can be presented in the form

o0
Ana z \* Cl e A.nao.'b'
0 == g B B 5) + SRR (142)

As is evident from this equation, those singularities are clearly brought out in it which
are inherent to contact stresses in the vicinity of the ends of the elastic cover plate,

In this manner the magnitude and the distribution law of the contact stress T () acting
in the plane of contact of the elastic cover plate with the half-plane , is completely
determined either by Eq, (1, 38) or (1, 39) or (1.42), if the values of the coefficients ay

or By, are known,
It is shown below that the determination of coefficients @ (or B,}is reduced to the
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solution of some infinite system of linear equations with bounded free terms,
Simultaneously it is proved that for
_ Es a
Mot = TA—WE h <1
this infinite system of linear equations turns out to be completely regular and for-Aqa>>1
quasi-completely regular and as is known {13] from the theory of regular infinite systems
of linear equations, in the case of bounded free terms the unknowns are determined with
any required accuracy,

2, Derivation and analysis of an {nfinite system of linear equa-
tions, First of all we transform Eq, (1, 39) for the contact stress T (), representing it
in the following form: o

t@=—h 3 D (—1)"C™B, (—})’"““ +

n=0 p=0
C e 2n
+ [ 2 — s (—:-)] 3 (1) €™ (—j—) 2.1)
n=0
This expression is obtained directly from Eq, (1, 39), if we substitute in it

o0
1 1 n m z \*"
Vo= TE«) (—1)"C, (T) v <1 (2.2)
where (™ is the coefficient of expansion,
Now we write the first sum entering into Expression (2, 1) substituting in it the index
of summation 2n 4 p by m.Then we shall have

x
a

(=] oo
L t - m
Li=—% 2 3 (1), limed g, (£) 2.3)
R=0 p=m
Further, changing the order of summation we obtain
oo m
z \* e Yy(m-— afm—p])
fi=—" ,..Z= (—) EJ- =N e o, D g (2.4)

Substituting the index of summation 2r by m in the second sum which enters into
Expression (2, 1), we reduce it to the form (2 5)

e oo
L= 37 eI () —eae 3T () ¢, O (2
m=0 m=1 e
Now let us represent the contact stress T (z) in the form of a sum of two terms: of
symmetric T+ (z) and skew-symmetric T~ (Z) stresses,i,e, T (1) = 1% (2) + 17 (2).
It is apparent that the symmetrical part of the contact stress t+ (z)will depend only on
even powers of (x / @)™, and the skew-symmetric part only on odd powers (z / a)™.
Thus for even m we shall have

(o0} p=m
T (x) = — Ao Z* (%)m{ 2* (_1)',:(m-u) C._-,'("’["'"‘D B, —
m=0 p=0

— (=™ (2.6)
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for odd m o0

p=m
* m * 1, (m t
@ =—h O (_:_) {2 (—1)"m=0 ¢, Crlm-eD gt
m=1 p=1
@ (— ) €, oot} @7)
On the other hand according to (1,10) we have
o k
¢ () = a0+ 2} o (%) (2.8)
k=1
Consequently
, , o Em (1) 7 g Am
R =e@= AT (2) 2 <1 9)
m=0

In this case the singularity at the ends of the elastic cover plate (x = - a) is taken
care of either by Eq, (1. 38) or (1, 39) or (1.42). '
Let us separate the even and odd parts in Expression (2, 9) ; for even m we obtain

o
. xa,  (m-41) m
(@)= %(%) (2.10)
m=9
and for odd m we shall have oo (4 1)
- *a 1. m x m
Further, comparing Expressions (2, 6) and (2, 10) and also (2, 7) and (2,11) we find
m (2.12)
L = g [ D] () ¢ D g O gyem g 0,
=0
e ’"j‘ L Ao {Z* (__1)‘/:(m—u) C_‘,’(’/x[(m-p-]) B, + a (__1)'/.(m-1) C_,l.('/.[m-l)]}
p=1
(2.43)

In Eq, (2, 12) m is even and in (2,13) it is odd,

In this manner the system of equations (2, 12) contains only coefficients a), with odd
index k, which linearly depend on an arbitrary constant €, and determine aécording to
Eq, (2, 11) the contact stress 1~ (z) in the case of skew-symmetric loading of the elastic
cover plate, The system of equations (2, 13) contains only coefficients a, with an even
index & which also depend linearly on an arbitrary constant ¢, and determine according
to Eq. (2,10) the contact stress T+ () in the case of symmetric loading of the elastic
cover plate, These arbitrary constants C, and a,. are determined from boundary condi-
tions (1, 7).

It is appropriate to note here that each of these loadings is of independent interest
because it corresponds to a definite character of deformation of the half-plane with a
cover plate,

In Egs, (2.12) and (2,13) let us now transform sums which contain coefficients B,

using in this connection relationship (1. 41). Designating this sum by 4 ,,,we shall have
m

Am — Z* (___ 1 )l/.(m-p) C_'/.(ll.[m-u]) Bp (2. q 4)

p=0;1
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Substiruting expression for By, from relationship (1.41) into (2, 14), we obtain

2 ey m(— 1)”!(’""!’) Cy ('h['"‘l‘]) 2 Epin, k Oy (_1)'ln(k+l-ll)c (alk+1-p])
»=0 k=N(w) (2.15)
Here
e N for p and m with the same parity (2 16)
#om = {0 for B and m with different parity )

N (p) = 2 for p=1 (2.17)
p—1 for p>2

Changing the order of summation in (2,15) we can obtain

{ 1 for p=0

m—1 k1
=2 2 fur(m) + Z E fux (m) (2.18)
k=1 p=0 k=m p=0

where expressions for fux (m) are determined by Egs,
— ) K411
fpk (m) — akep., m (__1)’/1("! ) C_I;’C,’[M])El,,+l' x (___i)'/l(k+l"1l) C','('I:[ +1~1]) (2.19)

Let us now separate in Expression (2,18) for the sum A ,its even and odd parts. The
even part will be denoted by Amm*and the odd part through A p~.
Further, let us introduce the following notations:

min (k.* m)
1 - ! - '] X
gk m= 2 (—1) ‘s(m—p) C’II’("J"‘ B (—1)"(k P)Clh('/:[k -B]) (2.20)
p=0;1
Then by virtue of relationships (2.18), (2.19) and (2,20) we obtain
m1 kL ’ ' (2.21)
- JSm— 1 WUR TC I
At = kz a; Z (_1)/z(m ) C..',,‘ Hifm—p]) (—1) Is(k+1-p) C:,,‘ 1[k+1~p1) +
=1  p=0
©0 m * =3
14(m— 1 1. (k+1~ 1.0k *
+ 2 ay Z (__1) s(m—p) C—./'( s[m—p]) (_1) Ia(K+1—) C'I’(/[M»l-li]) — Z a8, m
k=m41 p=0 k=1
Here m is even, k is odd and £i+1,m is determined from Eq, (2,20). Further,
m—i k+1
- * . . _ 3 . (2.22)
A e "2,’ akpl (—1)"Hm=) ¢, Chim=p]) (__1)11.(k+1 ) C:,,(' DL
=2 * m » o0
v, - Yy [m— 1o (K4 L TR *
4 Z a; z (___1) W(m—p) C—‘I.(/[m ®]) (__1)1.( +1-p) C,,.""“‘“ D) 2 a8k, m
k=m+1  p=1 gmcg

Here m is odd, k is even,and gy,1,m is also determined from Eq, (2.20).
Now substituting according to (2,14) values of Am* and 4,,” from relationships
(2.21) and (2,22) into Eqs, (2,12) and (2,13) we reduce then to the following form:

oo
) m-4-1 *
Qi ;*_ =—M { Z ax8ke1, m —

k=1

et (2.28)

m-1

o0
= — o { 2 ayuar.m + 8o (—1)"™V €L, L) (2.24)

k=2

ami1
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In Eq, (2.23)mis even (m = 0, 2, 4, 6,...) and k is odd and in Eq, (2.24) m is odd
(m=1, 3,5, 7,...). and k-is even,

In this manner the problem of determining unknown coefficients a; (k = 1, 2, 3,...)
(or By), entering into Eqs. (1, 38), (1,39) or (1,42) for determination of contact stress
T (z) was reduced to the solution of an infinite system of linear algebraic equations
(2.23) and (2,24).

In this connection, coefficients @ with odd index k., which are expressed through an
arbitrary constant Cl , are determined from the system of equations (2,23), From the sys-
tem of equations (2,24) coefficients a; with even index %, which depend on the arbitrary
constant g, , are determined. Both of these arbitrary constants C, and ggenter separately
in the form of a factor into the corresponding expressions for a; with odd indices and are
determined from boundary conditions (1, 7).

Further, following the method developed by Sherman in [14] we shall prove that the
infinite system of linear equations (2.23) and (2,24) is completely regular if Aga <1
and quasi-completely regular when Aga>>1.

For this purpose we first of all transform our system into a form which is convenient
for analysis, that is we write it in the form

Amyy [m : + Avogmﬂ. -l = A'O{ Z* 48 ke1,m — }%‘ (—-1)”'"‘ C_t/,(.,'m)} (2.25)

k=1

where =10,2,4,6,..., ks=m 41 and

1 s \ i
-+ Aogmﬂ, m-l = — lo {Z* Qi1 m +- a, (__1) 1s(m-1) C_',.( I;[m-l])}
' k=2 (2.26)

where m =1,3,5,7,... and k~=m 1.
In order to prove that these systems sre completely regular it is necessary for us to
evaluate the following sums:

amy [m +

Z*lgm,ml for ksm41;, m=0,2,4,86,... (2.27)
k=1
oo*
Z |gk+1,m| for k=tm-+1; m=1,3,57,... (2.28)
k=2

For this purpose we shall take advantage of some relationships obtained in paper [14],
For distinction these relationships are designated by a serial number with an asterisk,
According to [14] the following relationships apply :

gkym = Eh-a,m-2 + B1ymBh.1» &rym = Bh_1ym-1
for odd k and m. In addition to this we introduce for even indicesk and m Eq,

(2.29%)

2 1 .
g2k, 2m = Wmm__':——)—_*_—i— (—1)"C Y, (®) (—1)" C- .,, (2.30%)
and also the following expressions for sums : tm
Z 18k m] = — (—1)"™ C ™ 4 2'S) (€1 (2.31%)
v=0
[eo] 1/s(m—1)
Z lgeml =2 2 [Cfp (2.32%)

v=0
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As before, an asterisk to the right of the summation denotes that the index of summa-
tion takes on either even or odd values, It is necessary to keep in mind that mss,m 5= 0
From the obvious equation (C., @ =1, CS), = — 1)
()" Ca = o1 (1 + %) .. -(n -1+ %)> 0 for n>1 (2.33%)

the following inequalities follow directly

! C*-:. M <IC"P] ) (2.34)
{n a n i
(@) [CaPI<+ a1, O [C" > (>0 (235

Relationships (2.29*) — (2,33*) and inequalities (2, 34) and (2, 35) will be needed
later,

Let us proceed to the analysis of infinite systems of linear algebraic equations (2,25)
and (2.26),

It is known [13] that for the system of infinite equations (2,25) (or (2.26)) to be com-
pletely regular it is necessary that

— Ao o* ’
M = T+ 1078+ Mefmeg, m )| El [8xa,m| <1 (2.36)
for all values of m =.0, 2, 4, 6,... and k 5= m -+ 1. In particular, it must be that

M, < 1.
Changing in Eq, (2. 36) the index of summation k - 1 to n and using relationship
(2.31*), we obtain

1 .
M, = [m+1)/ah, +gm+z‘mt{2 18n, m|—|&msz,m } (2.37)
1. ‘i;m
— . 1am iy ! v
= TN T gl 1 0 €™ 42 3 18— g ml}<t

for all values m = 0, 2, 4, 6,...
From Eq, {2, 87) it follows immediately that

Mo—._-l—z—%:

<14 (2.38)

In this manner in the following examination of condition (2, 36) or (2, 37) for the
infinite system of equations (2, 25) it is meaningful to take a @Ay << 1.Simuitaneously
we note that the denominator in Expression (2, 37), 1. e,

m-1
Np="F1 1 gmism (2.39)
is by virtue of inequality (2,34) a monotomcany decreasing function of' m (N, > 0)
which reaches its minimum value N¢ = 1/ for m = 0.In this connection the inequa-

lty Zmia,m << 0 always holds,
Then the condition (2, 37) can be written in the form

tam
— (—1)"" C, ™ 4 2 2 [C. P — | gmra,m | < — '*‘ e gmiam] (2.40)
va=
since Npy > 0 then, consequently,
i
[ Nm|= m;t + 8mia,m G;t{ ~ [8mea,m |
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Now condition (2,40) is written in the form of an inequality placed on the quantity

al,. From (2.40) we have directly Yyum
aho < Hp = (m+1) {— (—1)"™ €™ 4 2 D) [C—u.‘"’l’} 4
v=0

This inequality must hold for m = 0, 2, 4, 6,...

In this manner, if the quantity al, satisfies inequality (2,41) for all values M == 0,
2, 4, G, 8, then in this case the infinite system of linear equations (2, 25) will be com-
pletely regular,

From inequality (2,41) immediately follows the result that g}, << A form = 0, as
obtained earljer,

Therefore it remains to be shown whether for a\, < {1 the condition (2, 41) will be
preserved for all remaining values of m = 2, 4, 6, 8,..., i.e, the condition for which
the infinite system of equations (2,25) is completely regular, or whether it will be neces-
sary in this case to impose stronger restictions on the quantity ai,. It is proved below
that for ady << 1 the condition (2,41) is also satisfied for all other values of m = 2,
4, 6, 8,..., i.e. the infinite system of linear equations will be completely regular if
only aA, << 1. In fact, we introduce the notation

ym
Ap=—(—1)"C_, "™ £ 2 D) (€2 (2.42)
v=0
Using inequalities (2, 35) we can show that
A< m? 4 8m — & (2.43)

4m
for all values m = 2, 4, 6, 8,... Itis apparent that m? + 8m — 4> 0 for all
values m = 2, 4, 6, 8,...
On the other hand we have by virtue of inequalities (2.43) and (2. 41)
H, = ’"A:’ > ”f;'"+('§ U _ g (m) (2.44)
for all values m = 2, 4, 6, 8,...
Therefore if ahg' will satidfy the inequality

aho < min 0 (m) = -, (2.45)

the condition (2,41) will be satisfied all the more for values m = 2,4, 6, 8,...
Now let us examine @ (m) as a function of m. This function has a minimum for

m>1. In fact , 5 Tm2—8m—4

> 0'(m) =4 g = 0 (2.46)
has one positive root which is between 1 and 2, Therefore min6 (m)in case of discrete
integer values of m =2, 4, 6, 8, ..., is achieved for m == 2 as a result of the mono-

tonic character of function @ (m), i.e. the following sufficient conditions holds for the
infinite system of equations (2,25) to be completely regular;

4 +1 3
aho < i =T (2.47)

Thus for ahg < 3/5 the condition (2.41 ) is automatically satisfied for values of

==2, 4, 0, 8,... Consequently the infinite system of linear equations (2, 25) will be
completely regular for alg < 1.

In an analogous manner it is not difficult to prove that for this condition, i.e. for
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ah, << 1 the infinite system of linear equations (2,26) will also be completely regular,

In conclusion we note that from the entire development of the proof presented above
for the statement that the infinite system of equations (2,25) or (2,26) is completely
regular it follows simultaneously that if aA, >> 1, then these systems will be quasi-
completely regular and for each fixed value @Aq (of course, under condition that
alhy > 1) we can always point out that value of m (m =2, 4, 6, ...or m =1, 3,
5, ...)y starting with which the infinite system of equations will be completely regular,
Simulataneously it is directly evident from the structure of Eqs, (2,25) and (2, 26) that
the free terms of these equations are bounded and tend to zero for m — oo as O (m™*).

Thus, having constructed for finding coefficients a completely regular (for ady << 1)
and a quasi-completely regular infinite system of linear equations with bounded free
terms, we can find with required accuracy the values of coefficients which enter into
Eq, (1.38) or (1. 39) or (1,42) for the contact stress T (Z).

The author is grateful to D, I, Sherman for discussion of this work and for useful com-
ments,
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